Bounds on graph eigenvalues  by Powers, David L.
Bounds on Graph Eigenvalues” 
David L. Powers 
Department of Mathematics and Computer Science 
Clarkson University 
Potsdam, New York 13676 
Submitted by Richard A. Brualdi 
ABSTRACT 
Upper and lower estimates are found for the maximum of the kth eigenvalue of a 
graph as a function of the number of vertices or edges. 
1. INTRODUCTION 
There have been several successes in finding bounds for the eigenvalues 
of a graph given only the number n of vertices or 9 of edges. Let A,(G) > 
X,(G)> ... > X “( G ) be the eigenvalues of (the adjacency matrix of) a graph 
G, numbered in decreasing order. The bounds of interest -r.- 
a,(n)=max{hk(G):j‘ V(G) I= n, G connected}, 
b(q)=m={b(G):I. E(G) I= 9, G connected}, 
c,(n)=max{X,(G):I’ V(G)l=n, G atree}. 
In this note, we review what is known about the bounds above and add some 
new information. Estimates from below can be obtained with this version of 
the interlacing theorem. 
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LEMMA. Let G be a connected graph, U a set of m vertices. Then 
X,(G)>h,(G-U), i=1,2 ,..., n-m. 
Now suppose that G - U has k connected components with spectral radii 
cLi>/-Q> ... > pk. Then A,(G - U) > pi, and by the lemma, X,(G) > pi for 
i = 1,2,..., k. We shall exploit this fact by the following construction. Let 
H l,. . . , H, be k copies of a given graph H, and let vi be a vertex of Hi. To 
the union of these graphs, add a new vertex v and k edges { o, vi }. Finally, if 
r > 0, add a path on r vertices and an edge from any vertex of the path to t?. 
The construction is clearly not unique, but we denote by k*H + r any of the 
resulting graphs. Any such graph is connected if H is, and the Lemma gives 
X,(k*H+r)>h,(H). 
2. TREES 
It is well known that ci( n) = Jn-1 and that the complete bipartite 
graph K i, n _ 1 realizes the bound. Neumaier [6] proved that c, < ,,/m 
if 12 > 3 is odd. Yuan [ll] extended this by showing that (square brackets for 
the largest integer function) 
ck < for k < 5 . 
[ 1 
Let n - 1 = kh + r, 0 < r < k, and let H = K, h_ 1. Then the lemma applied 
to k*H + r gives 
The difference between the estimates approaches zero for fixed k and 
increasing n. Yuan used k*H to show that his bound is achieved if n = 1 
(mod k). In this case, the estimates agree. 
3. NUMBER OF EDGES GIVEN 
Stanley [lo] provided a short and elegant proof of the inequality 
b,(s) c,/m-:. (3) 
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Brualdi and Hoffman [l] had previously established equality for special cases, 
in particular, for 9 = h(h - 1)/2, when equality is realized by the complete 
graph K,. Friedland [5] extended their results and found an upper estimate 
for b, that is slightly above Stanley’s. 
Rowlinson [9] has solved the problem of determining br(9) and the graph 
that realizes it. If 9 is not a triangular number, let r and h satisfy 
9 = r + h(h - 1)/2, 0 < r < h, and let H(9) be the graph on h + 1 vertices 
and 9 edges made by joining a new vertex to r vertices of K,. This is the 
graph whose largest eigenvalue is b,(9). That eigenvalue is found by col- 
oration techniques (see, e.g., [4, Chapter 41) to be the largest root of the 
equation 
r3-(h-2)x2-(h-l+r)x+r(h-l--)=0. 
The knowledge of b,(9) allows us to estimate other eigenvalue bounds. 
To estimate bk(9) from below, let 9’ = [q/k] - 1, 9 - k = q’k + T, 0 < r < k. 
Then applying the lemma to k*H( 9’) + r gives 
b,([9/kl - I> G bk(9) for k <q/2. (4 
To estimate bk(9) from above, we need a bound obtained by Brigham and 
Dutton [2], in which the numbers of edges and vertices both appear: 
This inequality is valid for k = 1,. . . , n. If G is a tree, then Equation (5) with 
9 = n + 1 gives an estimate that is always worse than Yuan’s of Equation (1) 
provided that k < q/2. 
Thus, we assume that G is not a tree, so n < 9. Since (n - k)/n is an 
increasing function of n, Equation (5) now furnishes the estimate 
for k<s and n<q. (6) 
The difference between the upper and lower estimates of Equations (4) and 
(6) is bounded, but there is clearly room for improvement. 
For k = 2, the upper estimate can be improved, using the methods of [7]. 
A connected graph G contains vertexdisjoint induced subgraphs G,, G, such 
4 
that 
A,(G) G min{ A,(G,), h,(G,)}. 
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At least one edge of G is not in either subgraph, so one of them has at most 
[(9 - 1)/2] edges; thus, 
3. NUMBER OF VERTICES GIVEN 
It is well known [4, p. 211 that al(n) = n - 1, and the bound is achieved 
only by K,. In [8] the estimate a,(n) < [n/2] - 1 is developed using 
Equation (7). If n = 2m + 1, equality is achieved by G = 2*K,,. If n = 2m, 
then the graph made by joining two copies of K,, with an edge provides the 
lower estimate 
For 2 < k < (n - 1)/2, let n - 1 = kh + r, 0 < r < k. The lemma applied 
to k*K, + r yields the lower estimate 
n-l 
[ 1 - -l<ak(n). k (9) 
To estimate uk( n) from above, first suppose that k divides n: n = kh, 
h > 2. Consider the problem of maximizing the kth largest entry of a row 
vector [xi,. . . , x,] subject to the constraints xi+ ... +x,, = 0 and X; 
+ . . . + xi = 29, where 9 is a positive parameter. We may assume that 
subscripts are chosen so that xi > 1ca >, . . . > x,. Elementary calculations 
lead to the solution xl = . . . = xk ( = x, say) and rkcl = . . . = IT” = - kx/ 
(n - k). Then 29 = x2nk/(n - k). 
Next we show that there is a unique choice of 9, or equivalently x, for 
which x i, . . . , x n are the eigenvalues of a graph G on n vertices and 9 edges. 
Since the first k eigenvalues are to be equal, G must have k components all 
with the same spectral radius x [4, p. 191. Since the remaining eigenvalues 
are to be negative, each component must be a complete graph [4, p. 1631, on 
h = n/k vertices. Thus x = h - 1 and 29 = kh(h - 1) = n(n - k)/k. There- 
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fore, if k divides n, the maximum value of X,(G) for graphs G on n vertices 
is (n/k) - 1= (n - k)/k. Since G is not required to be connected, ak(n) < 
(n - k)/ k when k divides n. 
If n=hk+r, O<r<k, we may use the property ak(n)<uk(n+l), 
which follows from the interlacing theorem, to find uk(n) < uk(n + k - r) = 
(n + k - r - k)/k = [n/k]. In summary, we have, for k < n/2, 
if k divides n, 
if not. 
4. MISCELLANEOUS 
Let d(n) = max{ - X,(G): IV(G)] = n}. Constantine [3] has shown that 
d(n) = n/2 if n is even or 2 n - 1 if n is odd. The same result was lF- 
obtained by different means in [8]. If e(q) is the analogous function for 
connected graphs on q edges, then 
gives e(q) G fi. But this bound is realized by Ki,,, so e(q) = fi for all q. 
The author wishes to thank A. George Davis for helpful conversations. 
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